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A formal proof is given that the fermionic quasiparticle dispersion laws in a color 
superconductor are gauge independent. It is shown that the gluon (photon) field 
acquires a non- vanishing expectation value in a color superconductor, which is 
related to color (electric) neutrality. 



1. Introduction 

It is well known that cold dense quark matter is a color superconductor.^ 
Color superconducting phases are characterized by a non-vanishing gap 
function, which can be calculated self-consistently from the Schwinger- 
Dyson equation (gap equation). At asymptotic densities, calculations from 
first principles (QCD) should be possible. However, calculations of the gap 
function seem to give different results for covariant and Coulomb gauge. ^ 
This was the motivation to construct a formal proof of gauge independence, 
which is presented in Sec. 2. It turns out that this proof involves non- 
vanishing expectation values of the gauge fields. These expectation values 
act as effective chemical potentials for color and electric charge, which will 
be briefly discussed in Sees. 3-5. 
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2. Gauge independence of fermionic quasiparticle 
dispersion laws 

The inverse quark propagator in the Nambu-Gor'kov basis is given by 

Q+ njo + S 



6^T 



(1) 

Tjj=ijj=Af=0,A^=A^ 



(5*(a;)^*(0) 

where is the gap function, ^~{Q) = 7o[^'''(<3)]Wo) S is the quark 
self energy, E((5) = C[S{—Q)]'^C~^ with the charge conjugation matrix 
C, r is the effective action, and A is the expectation value of the gluon 
field. The change in the effective action under the variation of some gauge 
paranieter(s) is given by the following gauge dependence identity,^'* 

ST = T,6X^ + J dx^J^^6X^^^{x). (2) 

We use the DeWitt notation for the fcrmions, i = {ip{x),tpc{x))'^ , i = 
{•ijj{x),'tpc{x)). The 6X's in Eq. (2) are quite comphcated functionals, whose 
diagrammatic expansion is shown in Ref. 4. After taking the second deriva- 
tive of Eq. (2), switching to momentum space, and taking the determinant 
with respect to Nambu-Gor'kov, Dirac, color and flavor indices, we obtain^ 

^ det(r,j) + detiVfj) = - det{T,.)[6X% + 5X%]. (3) 

This identity means that the total variation of the determinant of the in- 
verse propagator is proportional to the determinant of the inverse propaga- 
tor itself. Therefore the fermionic quasiparticle dispersion laws are gauge 
independent, provided that the singularities of 5X do not coincide with 
those of the quark propagator. In principle dX could develop mass shell 
singularities, as it is the case for the fermion damping rate in high temper- 
ature QCD.'' Then a gauge independent result could only be obtained by 
introducing an IR cutoff, to be lifted only at the very end of the calculation.^ 
However, in the case of color superconductivity a simple IR cutoff turns out 
not to be sufficient to remove the gauge dependence of the gap in covariant 
gauges. Indeed, it has been argued that this gauge dependence will only 
disappear after the inclusion of vertex corrections in the gap equation.^ 



''Here we assume translation invaxiance, therefore our proof is not directly applicable 
for inhomogcncous color superconducting phases, which might appear at intermediate 
densities, see e.g. Ref. 5. 
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3. Gluon tadpole and color neutrality 



In contrast to NJL models, where color neutrality has to be imposed as 
an external condition/^ the color superconducting phases in full QCD are 
automatically color neutral. This can be demonstrated in the following 
way.^'^^ The fields Aq appear in the QCD action as Lagrange multipli- 
ers for the Gauss law constraint (at least in a gauge which does not in- 
volve Aq.) Therefore in the path integral the integration over the zero- 
momentum modes ^op=o produces delta functions, S{Na), where Na are 
the color charges. This means that only color neutral field configurations 
contribute to the partition function. 

In a color superconductor the gluon field acquires a non-vanishing ex- 
pectation value. ^'^^'^^ The leading order contribution to this expectation 
value can be computed from the one-loop gluon tadpole diagram. For the 
2SC phase we find^ 



(4) 



The expectation value of can be obtained by attaching the external 
gluon propagator, which gives^'^'' 

Al ~ .^V(fl'M)- (5) 

This expectation value acts as an effective chemical potential for the color 
charge (via /xg = qAq), thus ensuring color neutrality. ^'^ 
In Eq. (4) we have computed the quantity 



5T 



(6) 



A=0 



We remark that at the order of our computation this calcTiIation is com- 
pletely equivalent to the self-consistent approach of Ref. 13, where A has 
been computed from the Yang-Mills equation 

5T 



0. 



(7) 



The connection between the two approaches can be seen from the Taylor 
expansion 



5V 



^=0 



5T 



A=A 



(8) 



A=A 



On the right hand side the first term vanishes, while the second term is 
essentially the inverse gluon propagator at zero momentum times the ex- 
pectation value of A. 
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4. Gluon tadpole for CFL with rua ^ 

In the CFL phase one finds = at one-loop order for = 0. For finite 
nis the quark propagator in the Nambu-Gor'kov basis is given by 

with 

[{G^rTs = [(<^± M7o)(<5r« - + (<^± M70 - ms)6MS'^, (10) 

where the lower indices are flavor indices and the upper indices are color 
indices. At finite the Dirac structure of the gap is more complicated 
than in the massless case/^ but for rrig <S /U we may assume that the 
additional terms are suppressed at least with nis/n,^^^ 

<i>+a+jMsi - sisi) + o . (11) 

Assuming rus '> <!>+ we find for the tadpole diagram at leading order in rus 



oo Jo 

,2 _ _ ,,\2 



+ {q- m)2 + <^IY {ql + {q- + Acl>\) 



n2 



^^"'^^^(-21 + 81n2), (12) 

where we have neglected the momentum dependence of the gap function. 
Attaching the gluon propagator with the Debye mass^^ proportional to g^j, 
we find as in Ref. 12 

2 

ig^^"^^. (13) 

Therefore the effective chemical potential is /xg ~ ml/ ji^ which is consistent 
with results from NJL model calculations. 

5. Photon tadpole and electric neutrality 

If one takes into account also electrons and photons, electric neutrality 
will we achieved by a mechanism which is completely analogous to the one 
described in Sec. 3. For the expectation value of the photon field one finds 
in the 2SC phase (for = 0) 

AO^^lnf^V (14) 
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